Introduction
The purpose of this article is to study boundary values of holomorphic functions in tube domains and solutions to the heat equation in the upper half-space in the class of translation-invariant distribution spaces of type D ′ E ′ * , recently introduced by the authors in [9] . These spaces are natural generalizations of the Schwartz spaces D ′ L p [27] and their weighted versions [21, 22] . Our considerations provide extensions of the classical theory of boundary values and analytic representations in weighted D ′ L p spaces, but also lead to many new results for these particular cases. We will prove a heat kernel characterization of D ′ E ′ * , which appears to be new even for D ′ L p . The study of boundary values of holomorphic functions in distribution and ultradistribution spaces has shown to be quite important for a deeper understanding of properties of generalized functions which are of great relevance to the theory of PDE [13, 26] . There is a vast literature on the subject, we refer to the book by Carmichael and Mitrović [6] and references therein for an account on results concerning boundary values in distribution spaces.
The representation of the Schwartz spaces D ′ L p as boundary values of holomorphic functions has also attracted much attention. See, e.g., the classical works [1, 17] . More recently [12] , Fernández, Galbis, and Gómez-Collado have obtained various ultradistribution analogs of such results. All these works basically deal with holomorphic functions in tube domains whose bases are the orthants of R n . In a series of papers [2, 3, 4, 5] In his seminal work [19] Matsuzawa introduced the so-called heat kernel method in the theory of generalized functions. His approach consists in describing distributions and hyperfunctions in terms of solutions to the heat equation fulfilling suitable growth estimates. Several authors have investigated characterizations of many others distribution, ultradistributions, and hyperfunction spaces [8, 15, 29, 30] . Our results from Section 7 add new information to . It is worth pointing out that this result improves earlier knowledge about boundary values in D ′ L p ; in fact, part of our conclusion is strong convergence in D ′ L p , 1 ≤ p ≤ ∞. The strong convergence was only known for 1 < p < ∞ and for certain tubes [1, 2, 3, 5] . Next, we consider extensions of Carmichael's generalizations of the H p spaces [3, 4, 5] . In Section 4 we show that every element of D ′ E ′ * admits a representation as a sum of boundary values. We provide in Section 5 new edge of the wedge theorems of Epstein, Bogoliubov, and Martineau types. Our ideas are then applied in Section 6 to exhibit an isomorphism between D ′ E ′ * and a quotient space of holomorphic functions, this quotient space is constructed in the spirit of hyperfunction theory. The paper concludes with the heat kernel characterization of D ′ E ′ * in Section 7.
Preliminaries
In this section we fix the notation and collect some notions that will be needed in the article. In particular, we give a short overview of properties of translation-invariant Banach spaces of tempered distributions and their associated distribution spaces of type D ′ E ′ * introduced in [9] . We use the standard notation from distribution theory [27, 32] . The distributionǧ denotes the reflectionǧ(x) = g(−x). If h ∈ R n , then T h is the translation operator, (T h g)(x) = g(x + h). As usual, a subspace
n . Given a locally convex space X, the space of X-valued tempered distributions is S ′ (R n , X) = L b (S(R n ), X), i.e., the space of continuous linear mappings from S(R n ) to X equipped with the strong topology. The symbol "֒→" in the expression Y ֒→ X means dense and continuous linear embedding.
2.1. Tubes and cones. We start by fixing the notation concerning tubes and cones. Let V ⊆ R n be an open subset. The tube domain T V ⊆ C n , with base V , is defined as
We always write z = x + iy ∈ C n (and similarly for other complex variables), where x, y ∈ R n . We employ the notation d V (y) = dist(y, ∂V ) for y ∈ V . The convex hull of a set A ⊂ R n is denoted by ch(A). Let C ⊆ R
n be an open cone (with vertex at the origin hereafter). Note that C may be R n . If r > 0, we write in short C(r) := C ∩ {y ∈ R n : |y| < r}. We denote by pr C the intersection of the cone C with the unit sphere of R n . We say that the subcone C ′ is compact in C and write C ′ ⋐ C if pr C ′ ⊂ pr C. It should be noticed that d C is homogeneous of degree 1, namely, d C (λy) = λd C (y), for every λ > 0. Recall [32] that the conjugate cone of C is defined as C * := {ξ ∈ R n : y · ξ ≥ 0, ∀y ∈ C} .
Since C is open, one actually has y · ξ > 0, for all y ∈ C and ξ ∈ C * . For convex cones one has
(This equality is well-known [32, p. 61] .) The cone C is called acute if int C * = ∅. Given a ≥ 0, we denote the closed Euclidean ball (centered at the origin) of radius a as B(a).
2.2.
Translation-invariant Banach spaces of tempered distributions. Following [9] , a Banach space E is called a translation-invariant Banach space of tempered distributions if it satisfies the following three conditions:
These three axioms imply [9] the following important property:
Throughout the rest of the article E always stands for a translation-invariant Banach space of tempered distributions. We shall call the function ω, given by (1), the growth function of the translation group of E (in short: the growth function of E). Note that ω is measurable, ω(0) = 1, and log ω is subadditive. We associate to E the Beurling algebra L 1 ω , i.e., the Banach algebra of measurable functions u such that
, the Banach space of measurable functions satisfying ||u|| ∞,ω := ess sup x∈R n |u(x)|/ω(x) < ∞. We have proved in [9] that the convolution * :
way that E is a Banach module over the Beurling algebra L 1 ω , i.e., ||u * g|| E ≤ ||u|| 1,ω ||g|| E .
The dual space E ′ carries two convolution structures which will play a crucial role in the rest of the article. One the one hand, settingĚ = {g ∈ S ′ (R n ) :ǧ ∈ E}, we clearly obtain a well-defined convolution mapping * : E ′ ×Ě → L ∞ ω ; the following pointwise estimate obviously holds:
On the other hand, we can associate the Beurling algebra L 1 ω to E ′ (recallω(x) = ω(−x)) and the convolution of f ∈ E ′ and u ∈ L 1 ω is defined via transposition: u * f, g := f,ǔ * g , g ∈ E. The space E ′ then becomes a Banach modulo over
It is important to notice that, in general, E ′ is not a translation-invariant Banach space of tempered distributions. Indeed, the properties (a) and (d) may fail for E ′ (e.g., take E = L 1 ). We have introduced in [9] the space E
Since the Beurling algebra L 1 ω admits bounded approximation unities, it follows from the Cohen-Hewitt factorization theorem [16] 
where φ ε (x) = ε −n φ (x/ε). When E is reflexive, we have proved [9] that E ′ is also a translation-invariant Banach space of tempered distributions and in fact E ′ = E ′ * . Example 2.1. Typical examples of E are the L p -weighted spaces. Let η be a polynomially bounded weight, that is, a measurable function η : 
where q is the conjugate index to p. On the other hand, E
We have shown [9, Prop. 8] that D E is a Fréchet space of smooth functions and actually the following dense and continuous inclusions hold:
where O C (R n ) stands for the test function space corresponding to the space of convo-
. When E is reflexive, one can show that D E is reflexive as well (cf. [9, Prop. 9] ).
We define the distribution space D
α,j and the sequences {f α,j }
We conclude this section with some examples of spaces D 
′ . We seṫ
Remark 2.5. The embeddings (5) and (6) can be refined to
Boundary values of holomorphic functions
In this section we study boundary values in the context of the space D . Our first goal is to obtain such characterization for holomorphic functions defined on a truncated wedge. We begin with a useful lemma. The constants M ′ and τ are those occurring in the estimate (1) for the weight function of the translation-invariant Banach space of tempered distributions E.
Lemma 3.1. Let V R n be an open subset and let F be holomorphic on the tube T V . Suppose that F ( · + iy) ∈ E ′ for y ∈ V and
Furthermore, the E ′ -valued mapping F : T V → E ′ is holomorphic, where
Proof. The assumption V = R n is only used to ensure that
. . , ζ n ) be an arbitrary point in the distinguished boundary of the polydisc D n , that is, |ζ 1 | = |ζ 2 | = · · · = |ζ n | = 1. We write s = t + iσ ∈ C. For arbitrary y ∈ V , define the function G(s) = G y,ζ (s) = defined and holomorphic in the disc {s ∈ C :
The Cauchy inequality for derivatives applied to circle |s| = (λ/ √ n)d V (y) thus yields
i.e.,
where
for all ϕ ∈ D(R n ), y ∈ V , and α ∈ N n . The very last inequality is equivalent to (12) . To show that (13) is holomorphic, it is enough to fix z ∈ V and ζ ∈ (∂D) n and to verify that F(z + sζ) is holomorphic in |s| < d V (y)/ √ n. By the previous argument,
Employing the continuity of T x , we obtain
Lemma 3.1 has the ensuing consequence.
Proof. The statement is local, so we may assume V = R n . The mapping (13) is continuous at z 0 = iy 0 and F ( · + iy) = F(iy).
In the rest of the section we mainly focus our attention on tubes whose bases are either truncated convex cones or full convex cones. We now show our first main result: Theorem 3.3. Let C be an open convex cone and let r > 0. Suppose that F is holomorphic on the tube T C(r) and satisfies
, for every y ∈ C(r), and the sets {F ( · + iy) :
for each r ′ > 0. Then, the following three statements are equivalent:
and the bound
In addition, if any of these equivalent conditions is satisfied, then F ( · + y) ∈ E ′ * for every y ∈ C(r).
Assume (15) and (16) . If C = R n , the result follows from Corollary 3.2. Suppose then that C = R n (i.e., 0 / ∈ C). Thanks to Theorem 2.2, we can write
where each F α has the form
and each ̺ α ∈ E is a continuous function of compact support. Thus, each F α is also holomorphic on the tube T C(r) , satisfies
and the pointwise estimate (cf. (2))
Making use of by Corollary 3.2, the mappings y ∈ C(r) → F α ( · + iy) ∈ E ′ * are continuous. The pointwise estimate (21) implies that each F α has boundary values in S ′ (R n ) [6, 31] . Set
In view of (18) , it suffices to show that each f α ∈ D ′ E ′ * and that the limit (22) actually holds in D ′ E ′ * . We may assume that κ ∈ N. Let ψ ∈ S(R n ) and write Ψ(x, y) =
for every y ∈ C and λ > 0. In particular, λ ≤ M 1 d C(r) (y + λθ) for λ ∈ (0, 1) and y ∈ C(r/4). Applying the Stokes theorem as in [13, p . 67], we can write
and, for y ∈ C(r/4),
where the integrals are interpreted as E ′ * -valued integrals in the Bochner sense. By Theorem 2.3 and Corollary 3.2, the net
1,ω ̺ α 1,ω and the dominated convergence theorem for Bochner integrals thus yields
Since this holds for every ψ ∈ S(R n ), Theorem 2.3 implies
and (17) follows at once. (iii) ⇒ (i). Using part (iii) of Theorem 2.2, we can write F as in (18) where each F α is holomorphic in T C(r) , F α ( · + iy) ∈ E ′ * and sup y∈C(r) F α ( · + iy) E ′ < ∞. The assertion (i) is a consequence of Lemma 3.1. In addition, we get that the holomorphic function (13) actually takes values in E ′ * . Thus F (α)
n be an open set and let F be holomorphic in
Proof. The first part of the corollary follows from the second one. Exactly the same argument from the proof of the implication (iii) ⇒ (i) of Theorem 3.3 shows the second assertion.
Using Theorem 3.3, we can derive the following result.
Corollary 3.5. Let X ⊂ S ′ (R n ) be a Banach space. Assume that the inclusion mapping X → S ′ (R n ) is continuous. Let C be an open convex cone and r > 0. If F is holomorphic on the tube T C(r) and satisfies
Proof. Let S j (R n ) be the completion of S(R n ) in the norm
Notice that each S j (R n ) is a translation-invariant Banach spaces of tempered distributions. The embeddings
Observe that Corollary 3.5 provides sufficient conditions for the existence of boundary values in S ′ (R n ) in terms of rather general norms; however, in contrast with Theorem 3.3, very little can be said about the boundary distribution f = lim y∈C→0 F ( · + iy) unless the Banach space X possesses a richer structure. It should also be noticed that, as well-known, the holomorphic function F is uniquely determined by its distributional boundary values f .
We now turn our attention to holomorphic functions satisfying global estimates over a tube having a full open convex cone as base. We need to introduce some notation in order to move further. Let C ⊂ R
n be an open convex cone. Set [32] as the holomorphic function
The above distributional evaluation is well-defined because S ′ (C * +B(a)) is canonically isomorphic to the dual of the function space S(C * + B(a)) (cf. [31, 33] ). We are interested in the class of holomorphic functions F : T C → C that satisfy the following two conditions:
and the estimate (for some constants M, m, and k)
Because of Corollary 3.4, the membership relation (23) is equivalent to F ( · + iy) ∈ E ′ * . We now show that these holomorphic functions are in one-to-one correspondence with those elements of D ′ E ′ * having Fourier transforms with supports in the set C * + B(a). We work with the constants in the Fourier transform aŝ
The next theorem extends various results by Carmichael [3, 5] and Vladimirov [32] (obtained by them in the particular cases when E ′ = L p or when E ′ is an L 2 based Sobolev space). is such thatf ∈ S ′ (C * + B(a)), then the holomorphic function
satisfies (23), (24) and (17) . Conversely, if F is a holomorphic function on T C that satisfies the condition (23) and for every subcone C ′ ⋐ C and ε > 0 there are
with suppf ⊆ C * + B(a) such that (25) holds.
The same procedure used to identify S ′ (C * +B(a)) with the dual of S(C * +B(a)) [33] shows that
. So we identify the latter two spaces. This allows us to define the Laplace transform of the E
It is easy to see that F(x + iy) = T x F ( · + iy) ∈ E ′ * and we obtain at once (23) by setting x = 0. Furthermore, ι(F ( · + iy)) = F( · + iy) → f = ι(f ) in E ′ * ; hence, Theorem 2.3 yields the limit relation (17) . Next, one readily sees that F(z) satisfies the estimate
for some constants m, k, M > 0. The bound (24) follows by setting z = iy in (27) . The proof of (27) is exactly the same as in the scalar-valued case. We give it for the sake of completeness. Sincef : S(C * + B(a)) → E ′ * is continuous, there are constants k ∈ N and M 1 > 0 such that
Setting φ(ξ) = e iz·ξ , z = x + iy ∈ T C , in the above inequality, we obtain
which gives (27) with M = M 1 sup ξ∈C * (1 + |ξ|) k e −|ξ| and m = k.
Conversely, assume (23) and (26) . As in the proof of Theorem 3.3, we express F as in (18) , where each F α is holomorphic in T C and satisfies: F α ( · + iy) ∈ E ′ * for y ∈ C and the estimates
where the constants M α and κ are only dependent on the subcone C ′ ⋐ C and ε. The pointwise estimate and Vladimirov's theorem [32, p. 167] imply that there are
α . This completes the proof. Theorem 3.6 leads to the following general criterion for concluding that a holomorphic function is the Laplace transform of a tempered distribution. The proof goes in the same lines as that of Corollary 3.5 and we therefore omit it.
Corollary 3.7. Let X ⊂ S ′ (R n ) be a Banach space for which the inclusion mapping X → S ′ (R n ) is continuous and let C be an open convex cone. If F is holomorphic on the tube T C and satisfies
for any subcone C ′ ⋐ C and ε > 0 , then there is g ∈ S ′ (C * + B(a)) such that F (z) = L{g; z}.
We also obtain the following corollary, a result of Paley-Wiener type. to have suppf ⊂ B(a) is that f is the restriction to R n of an entire function F that satisfies F (·+iy) ∈ E ′ for all y ∈ R n and the estimate sup y∈R n (1 + |y|) −m e −a|y| F ( · + iy) E ′ < ∞ for some m ≥ 0 (or equivalently, sup y∈R n e −(a+ε)|y| F ( · + iy) E ′ < ∞ for each ε > 0).
* for every open convex cone and C (B(a) + C * ) = B(a). The other direction can be established as in the proof of Theorem 3.6.
Analytic representations
The results from Section 3 enable us to obtain analytic representations of arbitrary elements of D Proof. As in [32, p. 7] , there are ρ 1 , . . . , ρ m ∈ C ∞ (R n ) such that supp ρ j ⊂ C * j + B(a), 0 ≤ ρ j ≤ 1, ρ j (x) = 1 for x ∈ C * j , and sup x∈R n |ρ 
where each F j is holomorphic in the tube T C j .
Proof. Set f j = χ j * f so that f = (29) with
The analytic functions F j from Theorem 4.2 of course have the properties (23) and (24) on the corresponding cone C j . 
Edge of the wedge theorems
is defined as
It should be noticed that if
and V is a truncated cone, then Theorem 
Then, any function F that is holomorphic in the tube T V , continuous on T V ∪ R n , and satisfies
for some N ≥ 0, extends to a functionF , which is holomorphic in the tube T ch(V ) and satisfies (30) sup
where the constant M N does not depend on F .
Remark 5.3. If V 1 and V 2 are truncated cones, then the holomorphic functionF continuously extends on T ch(V ) ∪ R n , as follows from Epstein's edge of the wedge theorem (cf. [25, Sect. 11] 
admits a holomorphic extensionG to T ch(V ) . Find r such that |x| < r for all x ∈ V . Let λ > r + 1 and set
satisfies the above two L 2 conditions and soF = Q λG is the desired holomorphic extension of F to T ch(V ) . We first show (30) when N = 0, which follows if we proveF (
would be continuous in T V ∪ R n and holomorphic on T V , but this would contradict the fact that J must have a holomorphic extension to the tube T ch(V ) . For general N, take again λ > r+1 and define
for all x + iy ∈ T V , we obtain that sup x+iy∈ch( 
boundary values on R n and lim y→0 y∈V 1
Remark 5.5. The existence of the limits lim
, j = 1, 2, is part of the assumptions of Theorem 5.4; however, as already mentioned, if V 1 and V 2 are truncated cones, such limits automatically exist and in particular F ( · + iy) converges strongly in D ′ E ′ * to the common limit as y ∈ ch(V ) tends to 0.
Proof. Reasoning as in the proof of Theorem 3.3 (via Theorem 2.3), we may assume that F j have continuous extensions to T V j ∪R n with F 1 (x) = F 2 (x) for x ∈ R n and that
The pointwise estimate and Lemma 5.2 imply the existence of
It is remains to show that F ( · + iy) ∈ E ′ for every y ∈ ch(V ) and
. Then the restriction of G to V extends continuously to T V ∪ R n and |G(x + iy)| ≤ M(1 + |x| 2 ) τ /2 for x+ iy ∈ T V . The inequality (30) from Lemma 5.2 gives |G(x+ iy)| ≤ MM τ (1 + |x| 2 ) nτ /2 for x + iy ∈ T ch(V ) ; in particular |G(iy)| ≤ MM τ for all y ∈ ch(V ). Since ϕ is arbitrary and D(R n ) ֒→ E, we obtain that sup y∈ch(
In particular, we have the ensuing corollary on analytic continuation; the case C 2 = −C 1 is an edge of the wedge theorem of Bogoliubov type. 
then F 1 and F 2 can be glued together as a holomorphic function through R n ; more precisely, the domain
Proof. The condition implies that the cone C = ch(C 1 ∪ C 2 ) contains a line, and therefore the origin as interior point.
Our next result is an edge of the wedge theorem of Martineau type [18, 20] , it is related to the classes of holomorphic functions on wedges introduced in the next definition.
Definition 5.7. Let C be an open convex cone and a ≥ 0.
(
as the space of all holomorphic functions
We also use the notation O
Observe that Remark 2.5 and Theorem 2.2 allow us to conclude that O a, exp
is actually an entire function of exponential type.
According to Theorem 3.6 (cf. Corollary 3.8 for the case C = R n ), every element
is completely determined by its boundary value distribution, which we denote by bv(
. In the next theorem each C j is an open convex cone. Note that it considerably improves earlier results by Carmichael [4] .
Proof. If some of the C ν are R n , the corresponding terms in the sum can be absorbed into others. We may therefore assume that all C 1 , . . . , C k are open convex cones with C ν = R n . We can find g ν such that F ν (z) = L{g ν ; z}, with supp g ν ⊂ C * ν + B(a) and
. Find ρ ν with bounded partial derivatives of any order such that supp ρ ν ⊆ C * ν + B(a + ε) and ρ ν (x) = 1 for x ∈ supp g ν . Then,
It remains to be shown that the G j,ν may be chosen such that G ν,j = −G j,ν . We proceed by induction over the number of summands. The cases k = 1, 2 are trivial. Assume that such a choice is possible for k. If 
By the inductive hypothesis, we that there are
The property is then satisfied if we define G j,k+1 := −G k+1,j and G k+1,k+1 = 0. and a quotient space of analytic functions in the spirit of the hyperfunction theory (see [20, 14] for hyperfunctions). Such an isomorphism will be accomplished through our version of Martineau's edge of the wedge theorem (Theorem 5.8). The results are then specialized to the one-dimensional case in Subsection 6.2.
The boundary value isomorphism
We will use our results to represent the space D ′ E ′ * as a quotient space of analytic functions. We introduce suitable spaces of analytic functions. For an open convex cone C, we set (cf. Definition
We also use the notation 
and F 1 (z) + F 2 (z) = F 3 (z) for z ∈ C 3 . We remark that some of the three functions may be identically zero. Next, we define the quotient vector space
The equivalence class of
clearly induce a well-defined boundary value mapping (31) bv :
. Combining our previous results, we obtain: Theorem 6.1. The boundary value mapping bv : Db
Indeed, that (31) is surjective follows at once from Theorem 4.2, whereas the injectivity is a consequence of Theorem 5.8.
6.2.
The one-dimensional case. Assume that the dimension n = 1. The previous construction significantly simplifies if we take into account the natural orientation of the real line. Consider first
If we replace the boundary value mapping by a jump across R mapping, we obtain that
the isomorphism being realized by the mapping O
We may also give another version of the quotient representation. Let Ω be a neighborhood of the real line of the form Ω = R + iI, where I is an open interval containing 0. Set
Then, in view of Theorem 3.3 and the edge of the wedge theorem of Epstein type (Theorem 5.4), the jump across R mapping produces the isomorphism
(Ω \ R)/O E ′ (Ω).
Heat kernel characterization
We now turn our attention to the characterization of elements D ′ E ′ *
as boundary values of solutions to the heat equation on R n × (0, t 0 ). Given f ∈ D ′ (R n ), we consider the Cauchy problem for the heat equation (32) ∂ t U − ∆U = 0, t ∈ R n × (0, t 0 ), with initial value (33) lim
Observe that under certain bounds over U, such as [7] |U(x, t)| ≤ M exp a t . In order to move further, we need a characterization of D ′ E ′ * in terms of norm growth bounds on convolutions with an approximation of the unity. For it, we employ the useful concept of the φ−transform [10, 23, 24, 11] , which is defined as follows. Let φ ∈ S(R n ) be such that R n φ(x)dx = 1. The φ−transform of f ∈ S ′ (R n ) is the smooth function F φ f (x, t) = f (x + tξ), φ (ξ) = (f * φ t )(x), (x, t) ∈ R n × R + . . Write f as in (7) . By (3), for t ∈ (0, t 0 ],
Conversely, assume (34). Let ϕ ∈ S(R n ) be also such that R n ϕ(x)dx = 1. Setting φ 1 = φ * ϕ, we have that F φ 1 f (x, t) = (F φ f ( · , t) * φ t )(x), and so F φ 1 f ( · , t) ∈ E ′ * S(R n ) ⊂ E ′ * for each t ∈ (0, t 0 ). We will use the theory of (Tauberian) class estimates from [10, 23] . Set f = ι(f ) ∈ S ′ (R n , S ′ (R n )), where f is given by (9) . By (ii) of Theorem 2.2 and (10), it is enough to show that f ∈ S ′ (R n , E ′ * ) (cf. (8)). The S ′ (R n )-valued φ 1 −transform of f is the vector-valued distribution F φ 1 f : R n × R + → S ′ (R n )
given by F φ 1 f(x, t) = T x F φ 1 f (·, t) ∈ S ′ (R n ). From what has been shown we have that F φ 1 f(x, t) ∈ E f α in S ′ (R n ), for each |α| ≤ N. The uniqueness criterion for solutions to the heat equation [7] yields U α (x, t) = F φ f α (x, √ t) with again φ(ξ) = (4π) We end this article with the following corollary, the proof is analogous to that of Corollary 3.7.
Corollary 7.4. Let X ⊂ S ′ (R n ) be a Banach space for which the inclusion mapping X → S ′ (R n ) is continuous. If U is a solution to the heat equation (32) that satisfies U( · , t) ∈ X for every t ∈ (0, t 0 ) and the estimate sup t∈(0,t 0 ) t k U( · , t) X < ∞ for some k ≥ 0, then lim t→0 + U( · , t) exists in S ′ (R n ).
